Abstract -We are interested here in a multielement Discontinuous Galerkin Time Domain method to solve the system of Maxwell equations. The method is formulated on non-conforming and hybrid meshes combining an unstructured triangulation for an accurate discretization of the irregularly shaped objects with a structured (orthogonal) quadrangulation for a gain in CPU time on the rest of the computational domain. We present the discretization schemes and the theoritical aspects in 3D, and we expose the numerical simulations.
INTRODUCTION
Despite a lot of advances on numerical methods for computational time domain electromagnetics, the FDTD (Finite Difference Time Domain) method is still the prominent approach for realistic electromagnetic wave propagation problems. The last years have witnessed an increased interest in socalled DGTD (Discontinuous Galerkin) methods, developed on triangular (2D case) or tetrahedral (3D case) [2, 4, 3, 5] meshes as well as on quadrangular or hexahedral meshes [1] . One of the main features of DGTD methods is their enhanced flexibility with regards to the type of meshes (possibly unstructured, non-conforming) they can deal with. Otherwise, several attempts have been made to combine time domain methods based on structured meshes with DGTD formulations on unstructured meshes. A low order solution strategy in this direction is presented in [7] in the form of a combination of FDTD and DGTD for 2D problems. Besides, a high order hybrid strategy has been studied in [6] combining a spectral FETD (Finite Element) method on quadrangular meshes with a DGTD method on triangular meshes. In these two articles, the main objective is to accurately model (with DGTD) the geometric details of a curved objects, while maintaining the simplicity and the speed of FDTD (or FETD method on square elements) for the surrounding space. In a similar goal, we study here the possibility of relying on a single discretization scheme, i.e. a DGTD method (denoted by DGTD-P p Q k ). We employ hybrid meshes made of orthogonal hexahedral elements (rectangles in 2D) for the discretization of regular parts of the computational domain and tetrahedral elements (triangles in 2D) for the discretization of the irregularly shaped objects. The section 2 outlines the initial and boundary value problem and the formulation of the DGTD-P p Q k method in 3D; in section 3 we expose the mathematical analysis and the section 4 presents 2D numerical results.
DGTD-P
p Q k METHOD FOR SOLVING MAXWELL EQUATIONS
The continuous problem
Let Ω be an opened, bounded domain of R 3 with boundary Γ = Γ m ∪ Γ a . The system of unsteady Maxwell first order equations is given by:
T and
tively denote the electric and magnetic fields (with x = (x 1 , x 2 , x 3 ) T ); ≡ (x) and μ ≡ μ(x) respectively stand for the electric permittivity and the magnetic permeability. Equations (1) have been normalized such that and μ define relative quantities, and we assume that the electric conductivity is zero. We complete (1) by a metallic boundary condition on PEC (Perfectly Electric Conducting) boundaries (i.e. on Γ m ): n×E = 0, where n denotes the outward normal to Γ. In addition, we apply the Silver-Müller boundary condition on absorbing boundaries (i.e. on Γ a ):
with z = μ/ and (E inc , H inc ) is a given incident field. Finally, we rewrite the system (1) under a pseudoconservative form, where
Space and time discretization
Our goal is to solve the system (2) in the 3D domain Ω (with boundary Γ), which is discretized as 978-1-4673-0335-4/12/$31.00 ©2012 IEEE
where the c i 's are hexahedral (∈ Q h ) and tetrahedral (∈ T h ) elements. The resulting mesh is hybrid and non-conforming (cf [3, 4] ) and we assume a certain kind of nonconformity described in [8, 9] . In this section, we only consider PEC boundaries (i.e. Γ a = ∅). Let P p [c i ] be the space of polynomial functions with degree at most p in c i ∈ T h , with a local basis φ i = (ϕ i1 , . . . , ϕ idi ); and Q k [c i ] be the space of polynomial functions with degree at most k with respect to each variable separately in c i ∈ Q h , with a local basis θ i = (ϑ i1 , . . . , ϑ ibi ). The discrete solution vector W h is searched for in the approximation space V 6 h defined by:
The local degrees of freedom are denoted by
. Let a ij = c i ∩ c j be the common interface between c i and c j and let us denote by V i = {j|c i ∩ c j = ∅} the set of neighboring cells of c i . Since the approximate fields E h and H h are allowed to be completely discontinuous across element boundaries, a specific treatment must be introduced when evaluating such a field at a cell boundary. In this study, we choose to use a fully centered numerical flux, i.e. ∀i, ∀j ∈ V i we set W h aij = (W i aij + W j aij )/2. For the boundary cells, we consider that c j is a fictitious cell and we set
From now on, we distinguish two cases. Case (A) corresponds to the situation where c i ∈ T h is a tetrahedron. Then, ∀j ∈ V i , a ij is either a boundary interface (i.e. a ij ∈ T i m ), or an interface between two neighboring tetrahedra (i.e. a ij ∈ T i d ), or a hybrid interface between a tetrahedron and an hexahedron (i.e.
, the vectors of local degrees of freedom associated to tetrahedron c i , while E j = (E j1 , . . . , E jbj )
T ∈ R 3bj are the vectors of local degrees of freedom associated to the hexahedron c j . The weak formulation obtained by dot multiplying (2) by a test function ψ and integrating by parts (not detailed here, cf [8, 9] ) leads to the formulation of a local system of 6d i semi-discrete equations ∀c i ∈ T h :
where X ,i and X μ,i are local mass matrices (involving terms of the form τi φ
T φ i dx, while X ij and X im are matrices associated to boundary integral terms (involving terms of the form aij φ T i φ j dσ). All these matrices are of size 3d i × 3d i except A ij whose size is 3d i × 3b j (involving terms of the form
In the case (B), c i ∈ Q h is a hexahedron. Then, ∀j ∈ V i , a ij is either a boundary interface, or an interface between two hexahedra, or a hybrid interface (∈ H i d ). We obtain a local system of 6b i semi-discrete equations ∀c i ∈ Q h , which has the same form than (3) but affecting E i ( H i , E j and H j , respectively) instead of E i (H i , E j and H j , respectively) and E j (H j , respectively) instead of E j ( H j , respectively). All matrices are of size 3b i ×3b i and defined analogously to those characterizing the case (A) (but using the local basis θ i ), except the hybrid interface matrix B ij whose size is 3b i ×3d j and defined by B T ji = A ij . Finally, time integration of the two systems corresponding to the case (A) and the case (B) relies on a second-order Leap-Frog scheme:
• Case (A):
• Case (B):
H,i .
3D MATHEMATICAL ANALYSIS
In this section, we also suppose Γ a = ∅. We begin by reminding the L 2 stability analysis result of the proposed DGTD-P p Q k method. This analysis yields a stability condition: to guarantee the stability of the scheme, it is sufficient to take the global time step Δt = min(Δt τ , Δt q ); with Δt τ the limit time step corresponding to tetrahedral part (cf [5] ), and Δt q the limit time step specific to hexahedral part. The details and the complete proof of this sufficient L 2 stability condition is in [8] . Furthermore, we outline now the a-priori convergence analysis of this DGTD-P p Q k method. In what follows, h ci denotes the diameter of the cell (tetrahedral or hexahedral) c i . We consider a family of unstructed grids (C h ) h (hybrid and non-conforming), where h is the mesh parameter of each unstructured grid, defined by h = max ci∈C h h ci . The meshes C h are supposed compatible with the domain boundary Γ, i.e. the discretized volume Ω h = ci∈C h (c i ) is equal to Ω. We suppose that the unstructured grids C h are uniformly shape regular, and we also admit the inverse assumption (these two hypotheses are detailed for example in [5, 9] ). At last, we assume that the electromagnetic coefficients and μ are piecewise constant, we note Ω j the subdomains of Ω where and μ are constant. Afterwards, we introduce the broken Sobolev spaces
, where . Let
h ), with t f the final time. Thus, noting C a positive constant independent of h, the error w = W − W h of the semi-discretized scheme satisfies the estimate:
Finally, since the Leap-Frog scheme is second-order accurate (generating a consistency error of order O(Δt 2 )), together with the stability result we thus get an error of the fully discrete problem (under the above assumptions) of order:
For the whole proof of this a-priori convergence analysis leading to (4), see [9] .
2D NUMERICAL TEST PROBLEM
We exhibit here numerical results for the solution of the 2D Maxwell equations, considering the case of 2D transverse magnetic waves for which
T . The test problem presented is the scattering of a plane wave by a PEC airfoil profile. The computational domain is delimited by a rectangle on which the SilverMüller absorbing boundary condition is imposed. Here, the incident field is given by: present results for a frequency f = 500 MHz and the simulation time is 2 × 10 −8 s. We compute the P 4 interpolation on the triangular mesh, the CPU time is 1339 s (degrees of freedom: 126660). On the hybrid mesh, we test the hybridizations P 2 Q 4 and P 3 Q 4 (and several others, not shown here); the CPU times are respectively 200 s and 503 s (degrees of freedom: 73804 and 120140, respectively). We show on Figure 2 the evolution of H y at a point of the domain, we clearly see that the curves coincide for all cases. We finally present ( Figure 2 ) the contour lines of the FFT (Fast Fourier Transform) of E z , calculated during the last period of the simulation, in the case P 2 Q 4 (contour lines of P 3 Q 4 and P 4 , not shown here, have the same aspect). Thus we have an important CPU time gain with these hybridizations, for values of the solution similar to those generated with P 4 . Otherwise, we show in [8, 9] that the h-wise numerical convergence and the stability of the method are achieved. 
CONCLUSION AND PERSPECTIVES
We have presented the results of an investigation of a DGTD-P p Q k method on hybrid and nonconforming meshes. We have reminded the conclusions of the 3D mathematical analysis and presented a 2D numerical test problem for which we obtain interesting compromises between accuracy and CPU time. In ongoing work, we aim to extend the method to the 3D case, i.e. on hybrid and nonconform tetrahedral/hexahedral meshes ( Figure 3 ). 
